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In this paper, we study the bipartite entanglement of spin coherent states in the case of 
pure and mixed states. By a proper choice of the subsystem spins, the entanglement for 



qh| large class of quantum systems is investigated. We generalize the result to the case of bipai^- 

tite mixed states using a simplified expression of concuiTcnce in Wootters' measure of the 
bipartite entanglement. It is found that in some cases, the maximal entanglement of mixed 
states in the context of su{2) algebra can be detected. Our observations may have important 
implications in exploiting these states in quantum information theory. 



PACS numbers: 



I. INTRODUCTION 

One of the most important issue in quantum theory is quantum entanglement. This phe- 
nomenon has generated much interest in the quantum information processing such as quantum 
computation [|l], ||], quantum teleportation [||], quantum cryptography [@-||], quantum error cor- 
rection and more recently, metrology [||]. Therefore, it is interesting and important to quantify 
quantum entanglement. The fundamental problem in quantum entanglement is to define the best 
measure quantifying the amount of the entanglement of a given state. Some measures such as 
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concurrence [|9|-[TT|], negativity [|T2|-|T5p, tangle [ [T6| , [T^ and linear entropy [ p^ can be used for 
quantifying entanglement [ p^ PD| ]. One of the best known measures of entanglement is entangle- 
ment of formation in a bipartite systems, which is proposed by Bennett et. al [pT]]. For a pure state 
in bipartite systems, this method is extensively accepted. However, in the case of mixed states, it 
is heavily dependent on the pure state decompositions and so far there is no a general algorithm 
to find the minimum one. Another problem in this phenomenon is to find a method to determine 
whether a given state is entangled or not. One of the simplest states is bipartite pure state. For ex- 
ample, I '^ab) £ Hab = Ha®Hb is called separable iff it can be written as product of two vectors 
corresponding to Hilbert space of subsystems: ab) = \''Pa)\<Pb), otherwise it is entangled. 

Another important concept widely used and applied in quantum information theory is the no- 
tion of coherent or quasi-classical states. These states make a very useful tool for the investigation 
of various problems in physics and have widespread applications in several fields of quantum 
physics [p2|-p6|]. Coherent states were originally constructed and developed for the Heisenberg 
Weyl group to investigate quantized electromagnetic radiation as the eigenstates of the boson 
annihilation operator. Such states have the interesting property of minimizing the Heisenberg un- 
certainty relation. Next, the following important coherent states are SU{2) (spin) and SU{1, 1) 
coherent states introduced by Perelomov which also have many applications such as quan- 

tum optics, statistical mechanics and condensed matter physics [^^-0. 

Spin coherent states, also known as atomic coherent states or angular momentum coherent 
states depending on context, are analogous to the ordinary coherent states of a harmonic oscillator 
in that they both may be considered as pure, near-classical states of their corresponding systems. 
Recently, D. Markham and V. Vedral have investigated the entanglement as a result of the effect of 
a 50:50 beam splitter on spin coherent states using von Neumann entropy [p4|]. In the infinite spin 
limit, it is found that the spin coherent states are equivalent to the high-amplitude limit of the op- 
tical coherent states with zero entanglement in the output state. Furthermore, they have discussed 
an other aspects of classicality over the transition in the spin including the distinguishability using 
the representation of Majorana. Nowadays, studying and understanding structures of quantum en- 
tanglement using entangled non-orthogonal states has received much attention; Bosonic entangled 
coherent states [P5|-PS|] are the typical examples of entangled coherent states. From the point of 
view of quantum algebra applications to different physical systems, it is important to understand 
how the behavior of entangled coherent states is modified when the ordinary algebra is modified. 
In this paper, we study the entangled spin coherent states in the case pure and mixed states. In 
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other words, we will consider the entanglement of two-system spin states, of arbitrary spins ji and 
j2, where each system is prepared in spin coherent state called entangled spin coherent states. In 
this process, we use the concurrence as a measure and study its behavior for large class of quantum 
systems by an appropriate choice of the spins including qubit, qutrit, and qudit systems. The spin 
coherent states defined as superpositions of the angular momentum states which are nonclassical 
states regardless of the size of spins. In contrast, spin coherent states are classical-like and be- 



come more so in the limit of large spin [|39D. Yet a bipartite entanglement of spin coherent states, 
especially of distinguishable spin coherent states, would be expected to have strong nonclassical 
properties for different values of the spins. 

This paper is organized as follows: In Sect. II we remind the basics of the su{2) algebra and the 
associated coherent states, and we introduce the entangled spin coherent states. In Sect. Ill using 
the concurrence as measure of the degree of entanglement, we study the entanglement behavior 
of these states in terms of different parameters for large class of quantum systems by a proper 
choice of the spins including qubit, qutrit, and qudit systems. In Sect. IV we generalize the results 
to the case of mixed states defined a statistical mixture of entangled spin coherent states using a 
simplified expression of concurrence in Wootters' measure of the bipartite entanglement. Finally 
we summarize the paper in the Sect. V. 



II. ENTANGLED SPIN COHERENT STATES 



Coherent states play a vital role in quantum physics, particularly, in quantum optics [ p^ |4T[ | 
and encoding quantum information on continuous variables [ p2| , ^3] ]. They also have an important 
role in mathematical physics, for example, they are very useful in performing stationary phase 
approximations to path integral. One of the practical coherent state is su{2) coherent state which 
can be useful for describing entangled coherent states. The entangled coherent states are very 
useful tools in different quantum transmission and processing tasks. 

The spin coherent state can be obtained by applying successively the raising operator on the 
state \j, -j) 

1 



\Z,j) = R{Z)\i,-i) = exp 
1 



[1+ I Z |2)i 



{j + m) ! (j — m) ! 



(1) 
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where R{Z) is the rotation operator, J_ and J+ are the lowering and raising operators of the su{2) 
Lie algebra, respectively. The generators of the su{2) Lie algebra, J± and J^, satisfy the following 
commutation relations 

[J+,J_]=2J, [J„J±]=±J±. (2) 
These generators act on an irreducible unitary representation as follows 



J±\j,'m) = ^/{j T'm){j ±m + l)\j,m± 1); J^\j,m) = m\j,m) . (3) 
Here, we are going to investigate the pure states of the following form 



1^) = N ji) ® I - Z2, j2) + e^l - ^1, Jl) ® 1^2, J2)] , 

where |^i, ji) and | — Zi,ji) are normalized states of the spin 1 and \Z2,j2) and 
states of the spin 2, such as the inner product for subsystems are as following: 

(1- 1 n'^'^ 



P2 = (^2,j2| - ^2,j2) 



Zl 
Z2 



I2^2il 



2\2i2 



:i+ I Z,. \^?''' 



(4) 

^2,J2) are 
(5) 
(6) 



The normalization factor N is 



N 



V2 



1 + cos I 



(1- 


Zl 




(1 + 


Zl 


to 



(1- 


Z2 




(1 + 


Z2 





(7) 



We can show that the bipartite state @ can be considered as a two-qubit system by introducing 
an orthogonal normalized basis in the subspace spanned by \Zi,ji) and \ — Zi,ji) and by 1^2, J2) 



and I - Z2, 32) as @ g5|] 



|0) = |^i,Ji) |1) 



Zi,ii) - Pi\Zi,ji) 

Ni 



(8) 



or in other words 



\Zi,ji) = |0) I - Zi,ji) = Ni\l) + Pi|0) for spin 1, 

- ^2,^2) - ^21^2,^2) 



\0) = \Z2,J2) |1) 



No 



(9) 



or in other words 



|^2,J2) = |0) 



^2,J2) = iV2|l) + i'2|0) for spin 2 



(10) 



5 



where 

A^i = [1- |Pi|2]^ and N2 = [1 - . (11) 

In this basis, the bipartite entangled spin coherent state can be written as 

1^) = [NP2 + Ne'^^Pi) |00) + iViValOl) + A^e^'^iVi|10). (12) 

This state can describe the nonlocal correlations for a large class of bipartite states including qubit, 
qutrit, and qudit systems through an appropriate choice of the spins ji and j2- The entangled spin 
coherent states can be experimentally prepared by analogy with the generation of the entangled 
coherent states for harmonic oscillators p^. 

III. CONCURRENCE FOR DIFFERENT BIPARTITE STATES IN THE CONTEXT OF sm(2) 

ALGEBRA 

In this section, we derive the amount of entanglement of two-spin system states and study its 
behavior in terms of the parameters involved in the coherent states. Here, we adopt the concurrence 
to characterize and quantify the degree of entanglement of the bipartite state via entangled spin 
coherent states. 

For quantifying the degree of entanglement of the bipartite spin states, we consider the state 
in the framework of 2 x 2 Hilbert space as mentioned in the above section. In this considered case, 
the concurrence of the entangled spin coherent states takes the form 

C = 2A^2 [(1 - |PiP) (1 - iPaP)]^ • (13) 

Generally, a pure state is referred as a separable state when C = and it maximally entangled 
state for C = 1 . 

Let us investigate the degree of entanglement of the two-spin state in terms of different pa- 
rameters that specify the coherent states. From the inner product of each subsystem, we can 
see that for the case where \Zi\ = \Z2\ = 1, i.e., Zi = ±e*^^ and Z2 = ±e'^^, the states 
(±e*^i, ji| =1= e*^S Ji) = (=1=6*^^^21 =F j2) = are orthogonal, with the corresponding spin 
coherent states 

■mk=-jk 



(2jfc)! 



(±e^O.+m.)e.)|^-^^^^). A; = 1,2. (14) 



6 



In this considered case, we obtain maximal entanglement (C = 1) of the entangled spin coherent 
state (0) as long as Zi = ie*^^ and Z2 = ie*^^ for all nonzero values of the spins (ji, 72) and the 
relative phase 0. Then from equation we have a set of mutually orthogonal Bell states of the 
form 

liP) = ^ ± Ji) ® I T e^'^ J2) + e^l T e''\3i) ® I ± e''% J2)] • (15) 

In order to observe the influence of the parameters that specify the coherent states on the entan- 
glement behavior of the bipartite system state the concurrence of the two-spin state is plotted 
in figures (1) and (2) in terms of the both amplitudes for various values of spins. Such a state 
exhibits several quantum systems with different dimension by an appropriate choice of the spins 
ji and j2- From figures (1) and (2), we can see evident differences of the entanglement for the 
different quantum systems. In fact, when the condition Zi = ±e*^^ and Z2 = ie*^^ does not hold, 
we find strong entanglement (concurrence tends to approach maximal value) as long as one of the 
amplitudes is near ±e*^'= while the other differs significantly from ±e*^'' . As the both amplitudes 
differ significantly from ±6*^*=, the concurrence becomes weaker and nonexistent for large enough 
deviation from ±e*^*^ . On other hand, the amount of entanglement increases, is shown as the spins 
ji and j2 increase. From these results, it is clear that the amplitude values can restrain the en- 
tanglement of the two-spin system as they get far from ie*^*- . However, the spins ji and j2 can 
enhance the entanglement of the system. 
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Figure 1. Entanglement as a function of the coherent state amplitudes for = 0. 
(a) qubit-qubit system (ji = j2 = 0.5), (b) qutrit-qutrit system (ji = j2 = 1) 



(c) qudit-qudit system (ji = j2 = 2), and (d) qudit-qudit system (ji = j2 = 4) 
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Figure 2. Entanglement as a function of the coherent state amplitudes for = 0. 
(a) qubit-qutrit system (ji = 0.5 ; j2 = 1), (b) qubit-qudit system (ji = 0.5 ; j2 = 4), 
and (c) qutrit-qudit system (ji = 1 ; j2 = 4). 

IV. THE CASE OF MIXED STATES 

In the case of mixed states, the bipartite system quantum state must be represented not by 
a bracket as the case of pure states, but by a matrix called density matrix and denoted by p in 
quantum mechanics. It is always to decompose the density matrix p into a classical mixture of the 
density matrices of a set of pure states l^pi). In the proposed mixed state, we have 

P = ^Pi\'^i){H, (16) 

i 

where {|^t)} are distinct normalized pure states of the bipartite system given by 

IV'.) = [\Zl,J^) ® I - Zl,j2) + - Zl,j^) ® J2)] (17) 
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and {pi} are the corresponding probabilities (i.e., Pi > and ^^Pi = 1). 

There is a condition for separability and inseparability of mixed states like the pure states which are 
mentioned above. A mixed state p via entangled spin coherent states is said to be separable if it can 



be written as a convex sum of separable pure states, i.e., p = PiP^i^^ ® pp^'', where the 



reduced density operator of subsystem Oi respectively, given by p\ 



(31,32) 



The state p is entangled if it cannot be represented as a mixture of a separable pure states. 

One of the difficulties in the quantification and characterization of mixed entanglement is linked 
to the fact that the entanglement of a superposition of pure bipartite states cannot be simply ex- 
pressed as a function of the entanglement of the individual states in the superposition. This is 
because entanglement mostly depends on the coherence among the states in the superposition. It 
is therefore somewhat surprising that there exist tight lower and upper bounds on the entanglement 
of a superposition of states in terms of the entanglement of the individual states in the superposi- 
tion. Here, we shall use the concept of the concurrence for quantifying the amount of entanglement 
of bipartite system mixed states in the context of the su{2) algebra, by introducing a simplified 
expression of the concurrence in Wootters's measure of entanglement of bipartite system states. 
Indeed, using the same technique as mentioned previously, one can consider the state ( ^Wj) as a 
two-qubit system mixed state and we write it in the standard basis, {|00), |01), |10), |11)}, as 

i 

where {l^/'i)} are the pure states of bipartite system defined as 

lipi) = {N'P^ + N'e^'^'Pi) |00) + A^*iV*|01) + iV^e^'^W*|10). (19) 



with 



V2 



1 + cos ( 



Ni = [I - |PiT]' 

m = [l-\P2\'\ 



(1- 


zi 




(1 + 







2ji 



(1- 




') 


(1 + 


z\ 





2i2 



(20) 



and 



PI 



Pi 



(1- 
i± 
(1- 



z\ 



z\ 



|2^2ji 
|2^2i2 



(21) 
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We can define the concurrence of the mixed state p as a convex roof method which is the average 
concurrence of an ensemble pure states of the decomposition, minimized over all decomposition 



ofp[|7p 



C{p) = iniY,V^Cm). (22) 

i 

where C{\il}i)) is the concurrence of the pure state iV'i) given by (|19|). Wootters and Hill have 
found an explicit formula of the concurrence defined as 



C{p) = max{Ai - A2 - A3 - A4, 0}. (23) 

Here Aj is the square root of eigenvalues of p{ay ® ay)p*{ay ® ay) in decreasing order (p* denotes 
the complex conjugate of p). 

In general, for a bipartite system mixed state with no more than two-non-zero eigenvalues (pi, P2), 
there is an explicit formula of the square of the concurrence defined as [P^-|5T|] 



1 1 

C\p) = {pIC^ + pjCl) + -P1P2 |c+ - c_|' - -pi/i2 |(c+ - c_)' - 4C1C2I , (24) 



where 



Ci =\ Ci \= 2 \ aidi - bid \ (25) 
is the concurrence of the pure state \pi), and 

C±=|c± |=^|(ai±a2)(c?i±4)-(&i±&2)(ci±C2)| (26) 

is the concurrence of the pure state |p±) = -^(|pi)) ± |p2))- Cj and c± are the corresponding 
complex concurrences. Here the pure states \pi) and \p2) are the eigenvectors of the mixed state 



given by 



l/ii) = ai|00) + 6i|01) + ci|10) + 

l/ii) = aslOO) + 62IOI) + C2IIO) + rf2|ll). (27) 



The advantages of the concurrence given by Eq. ( |24| ) are expressed the concurrence of the 
mixed state as a function of the concurrence of the pure states and their simple combinations, also 
it can be solved easily analytically. Furthermore, it reveals some general features and exhibits of 
important results in quantum information area. 
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Let us consider a class of mixed states given by a statistical mixture of two bipartite pure via 
entangled spin coherent states 

P = ^PMiH 

1=1,2 

= Pi\i^i){H+Pi\i^2){H (28) 

where, the pure states and \ip2) are defined as 

iV'i) = N\\Zl,n)\ - zIj2) + e^'f'^ - Zl,n)\Zlj2)] ^ {N'Pi + N'e^^-PDm + N'N^m + N'e'^^Nlm 
|^2> = N''[\Zlji)\ - Zlh) + e"*'^\ - Zljl)\Zln)] = {N^Pi + N\''^^Pl)m + N^nI\QI) + e"*'^ nI\IQ) . 

(29) 

For such states, Ci and C2 are given respectively by 

= |ci I = 2 {N^f NlNl (30) 

C2=\c2\=2{N^y NlNl (31) 
Therefore, the concurrence of the mixed state is 

C\p) = {p\Cl + plCl) + ^piP2 I c+ - c_ p -ipiP2 I (c+ - c_)2 - 4ciC2 I (32) 

where 

C± =1 c± 1= I {N^Nl ± N'^Nl){N^Nle'^^ ± A^^A^i^e^'^^) | (33) 
is the concurrence of the pure state 

|V^±) = ^(|^i)±|^2)). (34) 

Many works about quantifying and characterizing bipartite mixed state entanglement have been 
proposed using several schemes [|52|,|53|]. Basing on the simplified expression (p4]), we may present 
observable lower and upper bounds of the squared concurrence for the bipartite states in the context 
of su(2) algebra, 

{ViCi - P2C2Y < C\p) < {piCi + P2C2)\ (35) 

where 

(piCi -P2C2)' = 4 (pi {N'fNlNl-p2 [N^fNlNiy (36) 

and 

(piCi +P2C2)' = 4 (pi {N^YnInI+P2 {N^fNlNi)\ (37) 
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are respectively the lower and upper bounds of concurrence. At this point the above inequality can 
prove some important features by a proper choice of the parameters that specify the spin coherent 
states: 

-When (c+ — c_)^ > 4ciC2 > 0, the concurrence via entangled spin coherent states is equal to the 
upper bound, 

C\p) = 4 [p, [N'fNlNl+p^ {N^fNlNlf. (38) 
-For < (c+ — c_)^ < 4ciC2, the square of concurrence becomes, 

C2(p) = 4 (pi [N^Y NlNl - p2 {N^^N^N^y + pip2 \N^N^N'^N^e'^^ + N'^N^N^Nle'^'\^ 

(39)" 

-If C1C2 < 0, the concurrence is equal to the lower bound, 

C'ip) = 4 (pi {N'YnIN^ -P2 {N'YN'.Niy (40) 

-For c+ = c_, we have 

N^N^e''''^ + NlNle'^^ = (41) 
and the concurrence reaches the lower bound, 

C'ip) = 4 (p, {N'YnIn', - p2 {N'YN'.N^y . (42) 

We now study the behavior of the concurrence of bipartite system mixed state via entangled spin 
coherent states in terms of the coherent state parameters Pi, P- and the probabilities pi according 
to the bipartite pure state conditions which are previously discussed. To see the effects of different 
parameters on the square of the concurrence of the mixed state, we consider the case where either 
of pure states is maximally entangled. In figures (3) and (4), by choosing Zf = Z\ = 1, we 
display the variation of (p) as a function of the amplitudes and Zlfoxpi = p2 = 1/2. From 
the figures we can see a direct monotonic relationship between the mixed state entanglement and 
its pure states one in the context of su{2) algebra, exhibiting the same behavior for different 
ranges of the amplitudes in the different quantum systems. In this way, the mixed states defined 
as a statistical mixture of entangled spin coherent states may be very particular, exhibiting an 
entanglement behavior like pure states. In this case we have two important cases: When the 
amplitudes of pure states equal ie*^'', the mixed state concurrence tends to its maximal value 
C{p) = 1 (see figure 3). As the amplitudes get far from the condition ie*^*- , the maximal value 
of entanglement of the mixed state decreases, and the concurrence is bounded < C(p) < 1 
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(see figure 4). From these results, we find that the pure state amplitudes of the mixed state in the 
framework of the su{2) algebra may damage the amount of entanglement. 




Figure 3. Entanglement as a function of the coherent state amplitudes for = Z| = 1 and pi = p2 = 0.5. 
(a) qubit-qubit system (ji = j2 = 0.5), (b) qutrit-qutrit system (ji = j2 = 1), 



and (c) qudit-qudit system (ji = j2 = 4). 
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Figure 4. Entanglement as a function of the coherent state amplitudes for = = A and pi = p2 = 0.5. 
(a) qubit-qubit system (ji = j2 = 0.5), (b) qutrit-qutrit system (ji = j2 = 1), 
and (c) qudit-qudit system (ji = j2 = 4). 



V. SUMMARY 

In this paper, we investigated the bipartite entanglement in the framework of su{2) quantum 
algebra via entangled spin coherent states in the case of pure and mixed states including a large 
class of quantum systems by an appropriate choice of the subsystem spins and consider a possible 
application in different contexts of quantum physics. 

For two-spin pure states, using a change of basis, we have investigated the behavior of entan- 
glement in the context of su{2) algebra in terms of the parameters that specify the spin coherent 
states. We have obtained the condition under which the entangled spin coherent states become 
maximally entangled for different systems. According to the condition, a large class of Bell states 
are found for any choice of the subsystem spins. In the case of the mixed states, using a simpli- 
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fled expression of the concurrence in terms of the concurrences of the pure states and their simple 
combinations, we have calculated and written the upper and lower bounds of the concurrence and 
studied its behavior as a function of the amplitudes of coherent states and the probabilities for a 
class of mixed states. In this considered case, the maximal entanglement of the mixed state of 
two-spin states can be detected. 

It will be important to study the multipartite entanglement in the context of the su{2) algebra 
which make a useful contribution for more understanding the entanglement behavior in these sys- 
tems, and consider the possible applications in the various quantum information processing and 
transmission tasks. 
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